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Fast Solver for Systems of Axisymmetric Ring Vortices

James H. Strickland* and Donald E. Amos¥
Sandia National Laboratories, Albuquerque, New Mexico 87185

A method that is capable of efficient calculation of the axisymmetric flowfield produced by a large system of
ring vortices is presented in this paper. The system of ring vortices can, in turn, be used to model body surfaces
and wakes in incompressible unsteady axisymmetric flowfields. This method takes advantage of source-point
and field-point series expansions, which enables one to make calculations for interactions between groups of
vortices that are in well-separated spatial domains rather than having to consider interactions between every
pair of vortices. A Fortran computer code RSOLYV has been written to execute the fast solution technique. Test
cases have been run to optimize the code and to benchmark the truncation errors and CPU time savings associated
with the method. For 100 vortices in the field, there is virtually no CPU time savings with the fast solver. For
10,000 vortices in the flow, the fast solver obtains solutions in about 1-3% of the time required for the direct
solution technique. Formulas for the self-induced velocity of discretized regions of the flowfield have been
developed. Use of these formulas allows one to correctly convect discretized patches of vorticity in the flowfield.

Nomenclature

= vortex core area

source coefficient

translated source cocfficient
circular core radius

field coefficient

translated field coefficient

vortex ring or source box radius
ring radius of ith vortex

circular core axial velocity function
square core axial velocity function
field domain

source domain

source domain 1

source domain 2

field domain 3

field domain 4

total velocity error
stream-function error

ring vortex function

ring vortex function for ith vortex
index

index

zeroth-order Bessel function
first-order Bessel function

= dummy variable

= index

index or level

index

= maximum order of the partials of F
= maximum number of vortices in any childless box
number of charged particles
number of vortices

index

field point

= index

= index
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radius of field domain

radius of source domain

radial coordinate

radial spatial center

radial distance from center of field domain 3 to
field point P

radial center of impulse

radius at point P

box dimension at level 1

spiral radius

square core size

computer processing time

axial core self-induced velocity

axial velocity

axial velocity at ith vortex due to other vortices
self-induced axial velocity at ith vortex

axial velocity at point P

total velocity at point i obtained using direct
method

total velocity at point i obtained using fast solver
radial core self-induced velocity

radial velocity

radial velocity at ith vortex due to other vortices
radial velocity at point P

axial coordinate

axial spiral center

axial distance from center of field domain 3 to field
point P

axial coordinate of ith vortex

axial center of impulse

axial distance to point P

strength of vortex

strength of ith vortex

radial distance from center of source domain to ith
vortex

radial distance from center of source domain 1 to
source domain 2

radial distance from center of ficld domain 3 to
field domain 4

axial distance from center of field domain 3 to field
domain 4

axial distance from center of source domain to ith
vortex

axial distance from center of source domain 1 to
source domain 2

fluid density

stream function
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Field Domain D

Source Domain Dg

Fig. 1 Source- and field-point domains.

Y, = stream function at point / obtained using direct
method
Y, = stream function of ith vortex
¢, = stream function at point P
w = vorticity
Introduction

OTIVATION for the present work results from a need

to be able to perform fast yet accurate calculations of
the axisymmetric flowfield produced by large numbers of ring
vortices. Such systems of ring vortices can be used, in turn,
to model body surfaces and wakes in incompressible unsteady
axisymmetric flowfields. Solutions for the flow over stream-
lined as well as bluff bodies can be simulated. Surface porosity
and flexible geometries are also easily modeled using such
methods. Bluff-body simulations present the greatest chal-
lenge since the wake structure and, thus, the positions of the
ring vortices are not known a priori. The simulations for bluff
bodies require that the wake structure evolve as a function
of time, even for steady flow calculations. Large numbers of
vortices (100 < N, < 10,000) are required for such simula-
tions. Since the wake must be convected as part of the evo-
lution process, the velocity perturbations from all vortices on
all other vortices must be calculated at each time step. This
requires an amount of work that is proportional to N2 for
each time step. If the amount of work can be reduced to being
proportional to N, or even N, #4(N,), then considerable CPU
time will be saved in large simulations.

The genesis of this method comes from work done by Car-
rier et al.! in which an algorithm to calculate potential and
force fields for a large system of charged particles was de-
veloped. In that work, it was shown that the asymptotic CPU
time was of order N,, where N, was the number of particles.
This was contrasted to CPU times of order N} when tradi-
tional methods were used. This method takes advantage of
source-point and field-point series expansions, which enables
one to make calculations for interactions between groups of
particles that are in well-separated spatial domains rather than
having to consider interactions between every pair of parti-
cles. In the present work, the methodology concerning the
use of the spatial domains in which vortex rings are located
is essentially the same as that used in Ref. 1 for charged
particles. In the present work, the series expansion for the
stream function of the vortex is used in place of the expansion
for the potential of the charged particles of Ref. 1. Likewise,
the two velocity components produced at a point by the vortex
rings are obtained explicitly from the stream-function expan-
sion just as the two components of force produced by the
charged particles are obtained from their potential function.

In order to gain introductory insight into the method, con-
sider the two domains Dg and D, which are depicted in Fig.
1. Domain Dy contains a set of vortices that are acting upon
(producing perturbation velocities at) a set of points contained

in domain D;. In most cases, the set of points in domain Dy
would represent the centers of a second set of vortices. First,
a Taylor series expansion for the stream function about the
center of the source domain Dy is obtained. This expansion
includes all of the vortices that are inside Dg. The series con-
verges for field points that are outside of Dg. In order to be
somewhat conservative, the expansion about the center of the
source domain is used only for field points that are separated
by at least R from the boundary of the source domain. Next,
a Taylor series expansion for the stream function is obtained
about the center of the field domain D,. The series converges
for field points that are inside D,. The expansion about the
center of the field domain is used only for source points that
are separated by at least R, from the boundary of the field
domain. In summary, the method allows one to calculate
efficiently the influence of all of the vortices in Dy at all of
the points in D, when the two domains are well separated,
as defined previously. As will be shown later, there is addi-
tional efficiency inherent in the method if one exploits the
possibility of moving the centers of expansion of the Taylor
series.

Source- and Field-Point Expansions

Consider a single vortex ring located at an axial location
x = 0 with a ring radius equal to b. The stream function at
a field point (x,r) can be expressed according to Lamb? as

1 -
S El",-brfo e~*=J (kr)J,(kb) dk 1
The axial and radial velocity components are given by

134

“= r or (22)
_ _luw
v r ox (2b)
P
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b) Translation of source domain center
Fig. 2 Source-domain expansion and translation.
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For the present purposes, let ¢, be represented by

W, = F(x,r,b) (3a)

F=br f " e~k (kr)J, (kb) dk (3b)

0

Expansion Within the Source Domain

For a cluster of vortex rings, as shown in Fig. 2a, a Taylor
series expansion can be obtained that is valid at a field point
P outside of a domain D, enclosing the cluster. The Taylor
series for the stream function at point P resulting from this
cluster can first be written symbolically as

1
¥ = 2 STFx = Axurb + Ab) )

Formalizing the expansion yields a series in the partial deriv-
atives of the function F. The coefficients A of this series are
a function of the individual vortex strengths and their distance
from the center of the expansion:

A w a"F(x,r,b)
= A b il ol

U= 2 2 Avin e (52)
_ v 1 (ZAx)ymaby

Anemm = Z 2 L (n — m)!m! (5b)

a) Expansion about center of field domain

Axy Lalant- X7

A
y

b) Translation of field-domain center

Fig. 3 Field-domain expansion and translation.

The first summation in Eq. (5a) is, of course, calculated as a
finite sum. Denoting the maximum value of n used in the
calculation by N, later results show that accurate stream-func-
tion values are obtained for values of N on the order of 5
or 6.

Translation of the Source Domain

As indicated previously, it is advantageous to be able to
move the center of the expansion given by Eqs. (5) such that
the coefficients of the Taylor series in domain D, can be added
to the coefficients of other domains contained in a larger
domain D,. This situation is depicted in Fig. 2b. The Taylor
series for the stream function at point P resulting from this
translation can first be written symbolically as

FF(x — Ax,,r,b + Ab)
axm—™ gb™

lll = ZO 2:0 A’l*m.m (6)

Formalizing the expansion again yields a series in the partial
derivatives of the function F. The coefficients A’ of this series
are a function of the old coefficients A and the coordinates
between the two centers of expansion:

R, & F(x,r,b)
d, - E E=0 An—m.m oxn—m ab"‘ (7a)

(—Ax,)-9Abg
(r — 9)'q!

>
|
S

(7b)

n—mm n—m—-p+gm—gq

Expansion Within the Field Domain

A Taylor series expansion will now be obtained about the
center of a field-point domain D; due to the influence of
vortices in D,. Referring to Fig. 3a, it can be seen that this
expansion will be valid at field points inside D; if D, and D,
are well separated. The Taylor series for the stream function
at point P resulting from the expansion about the center of
D, can be written symbolically as

RS, "F(x + x,r + rpb)
l/j - E 2 An—m.m dxn—m abm (8)

Formalizing the expansion yields a power series in reand x,.
The coefficients B of this series are a function of the partial
derivatives of the function F and the old coefficients A’:

> B, ..xpmrm (9a)

0m=0

M s

¢ =

n

Bn—m.m = i i Aéiq’q a"+pF(x’r,b)

p=0q=0 (n — m)Im! ax"=—m+pP=a g gba (9b)

In Eq. (9b), the summation limit L will be equal to the max-
imum value of n less » itself (i.e., L = N — #).

Translation of the Field Domain

The last Taylor series expansion involves the translation of
the center of the field-point domain. As Fig. 3b depicts, the
expansion for the domain D; can be used for any domain D,
that is inside of D, by performing a simple translation of the
expansion center. The symbolic Taylor series expansion for
the stream function at point P about the center of D, is

b= 2 B, (X, + Ax)"=7(r, + Arym  (10)

n=0 m=0
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Formalizing the expansion again yields a power series in 7,
and x;. The coefficients B’ of this series are a function of Az,
and Ax, and the old coefficients B:

n

B, Xt (11a)

v=3

n=0m=0

P

L
B, o = >,

Bn4m+p—q,m+q
p=04g=0

Ax?7Ari(n — m + p — q){(m + q)!
(r — lq'(n — m)!m!

(11b)

As before, the summation limit L in Eq. (11b) will be equal
toN — n.

Evaluation of the Partial Derivatives of F

There are several methods that one could use to obtain the
various partial derivatives of the function F. One method
would be to simply differentiate Eqs. (3) with respect to x,
r, and/or b the required number of times. The method used
in the present work makes use of the partial differential equa-
tion for the stream function, which is satisfied by Egs. (3), to
develop relationships between various partial derivatives of
F. This eliminates the need to directly calculate many of the
partials since the equation for the stream function can be used
to obtain recursion relationships.

The axisymmetric stream-function equation for irrotational
flow is given by Lamb? as

Py Py _ 1oy
ax? M ot ror (12)
Equation (12) used in conjunction with Egs. (3) yields two
equations in F if one takes advantage of the symmetry be-
tween r and b:

#F P*F 10F

— + — === 13
a2 * or? r or (132)
#F #*F 10F

— t == 13b
ax? ab? b ob ( )

Equations represented by Eqs. (13) can be differentiated to
obtain the following relationships for the (! + m + n)th order
partials in F:

61+m+nF _ al+m+nF
ax'arm obr T ax!*2 armt2 gb
m—2 i —_—F—
(-1y (m - 2)! ofrmrn—i-lF
+ - - 14
,;, P (m ~ 2 — J)l oxl arm i1 abr (14a)
6[+m+"F _ al+m+nF
ax! arm ab" Ix!'*2 grm ob" 2
n—2 _1 i _ 2 | a[+m+n~j—1F
N ) O ) (14b)

56 bt (n =2 — )t ox! arm 9bm it

In Eq. (14a), m = 0, 1 is forbidden, asisn = 0, 1in Eq.
(14b). Therefore, for each value of p = I + m + n, the

following four partial derivatives cannot be obtained from
Eqgs. (14):

¥F _&F >F o F
ax?’ oxP~'ar oxP~'ob’ axP~2ar db

(15)

These four basic partial derivatives must be calculated di-
rectly. For each value of p there are 3(p + 1)(p + 2) partial
derivatives of order p. The equations indicated by Eqs. (14)

X

0.5

04

03

02 . R —
-0.2 -0.1 0.0 0.1 02

a)N, = 973, N, = 20

1

oo,

0 . .
0 0.6 1

b) N, = 200, N, = 10

Fig. 4 Mesh generation examples.

represent 3(p + 1)(p + 2) — 4 independent equations for
each value of p. Equation (14a) can be used to obtain ip(p —
1) partials. Equation (14b) can be used to obtain another set
of ip(p — 1) partials. The two sets are not entirely inde-
pendent. A recursive solution can be obtained for each value
of p by first assuming that the partials in Eqgs. (15) are already
calculated. The calculation starts by using Eq. (14a) with the
highest derivative of x. The order of r is systematically re-
duced, and the order of b is increased. If Eq. (14a) becomes
invalid (m = 0, 1), then Eq. (14b) is used. Additional details
explaining the use of the recursive relationships are given in
Ref. 3.

The four basic partial derivatives of F of Eqs. (15) can be
obtained by taking the indicated partial derivatives of F. Using
the definition of F from Egs. (3), one obtains

gxf — (=1ybr L e~k (kb),(kr) dk  (16a)
AL f ~kekn] (kb),(kr) dk (16b
b (-1 "4 e o kb) (k) (16b)
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&F Tk
s = (e [ e v k(160
O (Ciyer f "o rke L, (kb)(kr) dk - (16d)
v 9b o 0 olkr)

The four integrals in Egs. (16) are evaluated in a very efficient
manner using associated Legendre functions. The Legendre
functions are calculated using a set of recursive relationships
given in Ref. 4 and have been checked against the tables of
Ref. 5. Additional details concerning evaluation of these in-
tegrals are given in Ref. 3.

Method of Solution

The present work is implemented by the computer code
Ring SOLVer (RSOLYV) developed at Sandia National Lab-
oratories. This code requires that one specify a distribution
of vortex rings by their axial locations, ring diameters, and
strengths and place such information in an input file. The
code also requires one to specify the domain of interest, the
maximum number of vortices in a box N_, and the order N

32

2 |

2t

20 | )

16 |

NN | NN
-

\RNL e e ae

—a —d I b [
0

o 4 8 12 18 20 24 28 32

a) Contribution from NBOXI’s own box list

of the Taylor series to be used. RSOLV output consists of an
output file with values of the stream function, axial velocity,
and radial velocity at all of the vortex locations. The following
describes the methodology used in the RSOLV code.

Mesh Generation

The method requires that an adaptive mesh be generated
that encloses all the N, vortices of interest in the flow. A
square box with dimensions S, is first constructed that encloses
all of the chosen vortex rings. This box is subdivided into four
equal boxes. If any of these four boxes contains more than a
specified number of vortices N, that particular box is sub-
divided into four more boxes. Vortices residing on mesh lines
are associated with the box whose center has a more positive
x or r value than the x or r value defining the mesh line. This
process is continued until all of the boxes contain less than
the specified number of vortices. Each box size is associated
with a box level / with the original box level being equal to
0. Therefore, at a particular level /, the box dimension S, is
given by

S, = 82! (17)

32

2 |

2 |

18 |

0- s TR ol s
(1] 4 8 12 18 20 24 28 32
¢) Contribution from NBOXI’s grandparent’s box list

32 32
[ 2 2 2 2
28 | 4 28
2 2 2 2
2 2
2 2
20 9% 2
2.9
1 | me’’7 1
'y 4 2|
2
8 8
5 3
s F 4 fF
0' L L L L. O'ALAL.. NS EPEPE EPEPENE S S B
o 4 8 12 18 20 24 28 32 0 4 8 12 18 20 24 28 32

b) Contribution from NBOXI’s parent’s box list

d) Contribution from NBOXI’s great grandparent’s box list

Fig. 5 Box list example.
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At each level, empty boxes are ignored. Boxes that can be
subdivided are parent boxes and those that cannot are child-
less boxes. A list of vortices residing in each parent or childless
box at each level is maintained. Each vortex is identified by
a unique label (number). Figures 4 provide examples of the
adaptive mesh generation capability of RSOLV.

Box Lists

The purpose of defining a box list for each box at each level
is to define the separation condition between the selected box
and all other boxes in the mesh. This, in turn, allows one to
efficiently calculate the influence of vortices in one box on
the stream function in the other. In general, each box at each
level has five possible relationships with other boxes in the
mesh. The five lists define restrictions on the use of the Taylor
series expansions between domains defined by the two boxes.

In order to formalize the box list definitions, let NBOXI
refer to the mesh box for which a box list is being developed.
As mentioned previously, parent boxes are boxes that can be
subdivided into four smaller boxes, whereas childless boxes
cannot. Thus, parent boxes contain more than N, vortices.
Empty boxes contain no vortices, whereas childless boxes
contain from 1 to N, vortices. A colleague box of NBOXT is

~
33,
° 9
. S
- o $ -3 ~
R AL T S i
S TR AR AT RS S L
P DS & e 2t 3 s o
PRE NS VPP L e Y FOR S P IPAR Faie
R R A % SRR I IR Ry SV A I
- PR L, .
.x:.,.,‘ Al :f-... .. b SR . .
e Je e Ard . PR T
2 pe P s R s - % Ces
225 . pEEI IR SR 4 v
. #5Ce ot o P A . e
S S O e R
AU LONER SRR ISR Y SR T
r O S A v s,
A SO e IR A0 TR
[+ €. a* 3. MRS .o b PUCTS-SR L4
: IS SRR T WU AR M
PRI . o St . b3 AR D P IR
v - | P P g So eyt - oau, *ale o
et ¥a oS e * o0 0 Do b 2% T2 %e o
< s P R R A A AR R TN
ot et The A N WAl et e T N
: . 5 .ot Sate *
IR RN N R DN S B S ‘ey
TR Y SRR SRR N R
Py .t 3 * . . ., e o TR
PR AR S ety i
% & R DO .{tu.
LY PRSP TS T USRS S R
A - v *'a N - s R
- - %, o ¢ koo te e e b .
Y N :.:a S 8. ..-"..c. e LR e L, -
S el O 3 e S
e, 2 Sos Foosu H ..ot:‘:.‘c{"‘;’ PR
AT R R LS AN TR TR
“ Ky ¢ 2,003, o, e thm .
o . . PR
o RN TR IR SRR X i TS A
a) Example of random distribution
N,=200
,‘,....—--—\\
.
.,
%
&
-".

b) Example of spiral distribution

Fig. 6 Typical distributions used in optimization of V..

a box that is adjacent to NBOXI and has the same size (level)
as NBOXI. There are at most eight colleague boxes associated
with NBOXI. Definitions for the five boxlists are as follows.

Box list 1. In order for NBOXI to have any list 1 boxes,
NBOXI must itself be childless. If NBOXI is a childless box,
then list 1 consists of NBOXI and all childless boxes at all
levels that are adjacent to NBOXI. This list defines boxes
that are not separated from each other and cannot be sub-
divided. Direct calculations must be made. Taylor series ex-
pansions cannot be used.

Box list 2. List 2 boxes of NBOXI are boxes that are
children of the colleagues of NBOXI’s parent that are well
separated from NBOXI. NBOXI and its list 2 boxes can be
either parent or childless boxes. NBOXI and its list 2 boxes
will be the same size (level) and will be separated by at least
the dimension of one of their sides. Both source-domain and
field-domain Taylor series expansions can be used.

Box list 3. In order for NBOXI to have any list 3 boxes,
NBOXI must itself be childless. List 3 boxes can be either
parent or childless boxes. List 3 boxes are descendants of the
colleagues of NBOXI. The parent of the list 3 box must be
adjacent to NBOXI, but the list 3 box must not itself be
adjacent to NBOXI. List 3 boxes will always be smaller than
NBOXI. NBOXI will be separated from the list 3 box by one
box that is the same size as the list 3 box. Source-domain
Taylor series expansions can be used; field-domain expansions
cannot.

Box list4. NBOXI can be either a parent or childless box.
List 4 boxes must be childless. NBOXI is a descendant of the
colleagues of any list 4 box. The parent of NBOXI must be
adjacent to the list 4 box but NBOXI must not itself be ad-
jacent to the list 4 box. List 4 boxes will always be larger than
NBOXI. NBOXI will be separated from the list 4 box by one
box that is the same size as NBOXI. Field-domain Taylor
series expansions can be used; source-domain expansions can-
not.

Box list 5. List 5 boxes consist of all boxes that are well
separated from NBOXI'’s parent. No calculations are neces-
sary. Contributions from these distant boxes reside in the
parent of NBOXI.

To demonstrate how the set of box lists brings information
into the field box NBOXI, consider the example given in Figs.
5. NBOXT is the cross-hatched box shown in Fig. 5a. Assume
that the indicated mesh has been generated for a set of vortices
and that there are no empty boxes. Therefore, one would
expect every box to contribute to the stream function in NBOXI.
From Fig. 5a, it can be seen that there are contributions from
NBOXTI’s own box list and that this list contains box lists 1-4.
As indicated previously, box list 5 does not contribute directly
and is, thus, not even indicated in Figs. 5. In Fig. 5b, there
are several list 2 and 4 boxes that contribute to NBOXI's
parent. Since this is a parent box, it does not have any list 1
or 3 boxes associated with it. The information from NBOXI’s
parent is fed into NBOXI by translation of the field-domain
center of the parent of NBOXI to the center of NBOXI.
Information from NBOXI’s grandparent’s list boxes (see Fig.
5¢) were previously fed into NBOX’s parent in the same fash-
ion. As indicated in Fig. 5d, NBOXT’s great grandparent has
a null box list and, therefore, does not contribute in this case.
It can be noted that every box in the mesh has contributed
to NBOXI. In general, it can be seen that the box list concept
allows information to be passed down through successive lev-
els in an orderly and efficient fashion.

Generation of Taylor Series Coefficients

As mentioned previously, the Taylor series can be used
only in cases where the source list box associated with a field
box NBOXI is a list 2, 3, or 4 box. Information from the A
coefficients is used in cases where NBOXI has list 2 or 3 boxes,
whereas information from the B coefficients is used in cases
where NBOXI has list 2 or 4 boxes.
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A Coefficients

The A,_,..or A, . coefficients defined in Egs. (5) and
(7) are used to calculate the B, _,,, ,, coefficient when the source
box is a list 2 box. Also, for list 3 boxes, the A coefficients
are used directly in the calculation of field variables. The A
coefficients are calculated by first using Egs. (5) to generate
values for A,,_,, .. for all childless boxes. The centers of ex-
pansion for the smallest (highest level) child boxes are then
shifted to their parent’s centers using Eqs. (7). The contri-
butions from the child boxes to the parent box are added
together, producing a set of A coefficients for the parent box.
This process is repeated for decreasing levels (larger boxes)
until the A coefficients are calculated for all parent and child-
less boxes at all levels. This process may be thought of as the
process by which information concerning source domain ex-
pansions is promulgated from smaller domains into larger
domains.

B Coefficients

The B coefficients are only used for list 2 and 4 boxes. For
list 2 boxes, the B, _,, ,, coefficients can be calculated from
Egs. (9). For list 4 boxes, the contribution from each vortex
must be considered separately since the source domain is not
well separated from the center of the field box NBOXI. The
following equation is used to calculate the contribution from
a group of I vortices in a list 4 box to the B coefficients in
NBOXI:

I " v P
B_ -3 1 T, " F(x - X;,t,b;)
i 12— m)lm! 9xnmm o

(18)

The center of the field box is at x,r, whereas the ith vortex
center is at x;, b,. Therefore, the B coefficients are calculated
by first using Egs. (9) for list 2 boxes and Eq. (18) for list 4
boxes to generate values for B, _,, . for all boxes. Next, the
centers of expansion for the largest (lowest level) parent boxes
that have list 2 or 4 boxes associated with them are shifted
to their children’s centers using Eqs. (11). The contribution
from the parent box to the child box is added together with
the list 2 and 4 contributions associated with the child box
itself. This produces a set of B coefficients for the child box.
This process is repeated for increasing levels (smaller boxes)
until the B coefficients are calculated for all parent and child-
less boxes at all levels. This process may be thought of as the
process by which information concerning field domain ex-
pansions is promulgated from larger domains into smaller
domains.

Calculation of Field Variables

The field variables y,, u,,, and v, at a point P are calculated
according to the type of list box containing the source infor-
mation. For list 1 boxes, the field variable at point P must be
calculated by considering the influence of each individual vor-
tex in the source box on the point P. For list 2 and 4 source
boxes, a Taylor series about the center of the field box is
used. This series uses the B coefficients. For list 3 source
boxes, a series containing the A coefficients is used. Although
the source box information is contained in the A coefficients,
the partial derivatives of F must be recalculated for each field
point.

The field variables #,, u,, and v, at a point P for list 1
source boxes are calculated from

i
1
P, = ; ZTF(x, — x.r,,b) (19a)
1 &1 R, = xunb)
u, = - > i . (19b)

aF(xp - xi’rl)’bl)

P (19c¢)
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Fig. 7 CPU time comparisons between direct and fast solvers.

Here, the field-point location P is given by x, and r,, and the
location of the ith vortex in the list 1 box is given by x, and
b,. The strength of the ith vortex is [';, and the total number
of vortices in the list 1 box is /.

The field variables at a point P for list 2 and 4 source boxes
are calculated by

N I
PP
1 N n
u, = — E E mB,_,, X mre! (20b)
¥p n=1m=1
1 N n-1
v, = - Z (n — m)B,_,, .xf~""'r (20c)
P n=1m=0

Here, the distance from the field box center to the field point
P is given by the axial and radial coordinates x, and r,. It
should also be noted that the B, _,, ,, terms are the B coef-
ficients associated with the field box containing point P, which
have been obtained according to the method of the previous
section.

The field variables at a point P for list 3 source boxes are
calculated by

N FF(x, — x,r..b,
b= 3 a,,, T b))

R0 m=0 axn—m gbm
148 2 I (x, — x,F,.b;)
u, = — A, L V)
4 rp ,,2—(] W,Z:() nomen dx" " Jr ab™ ( 1b)
1 g n an+lF(xp — x,-,r,,,bi) (21 )
V = - n—m.um C
’ rp n=0m=0 : BX"’”’Habm
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Here, the field-point location P is given by x,, and 7, and the
location of the ith list 3 source box is given by x; and b,. The
A, .. terms are the A coefficients associated with the ith
list 3 source box.

The contribution to a field variable at point P from list 1
and 3 boxes is obtained by adding the contributions from all
list 1 and 3 boxes together. The contribution from all list 2
and 4 boxes is inherent in the B coefficients, which are as-
sociated with the field box itself. This contribution is added
to the contributions from all list 1 and 3 source boxes.

Benchmark Tests

The important dependent variables in the benchmark tests
are the CPU run times and the truncation errors associated
with the calculation of field variables. The independent var-
iables are the number of vortices in the field, the distribution
of vortices in the field, the number of terms used in the Taylor
series, and the maximum number of vortices allowed in any
childless box in the mesh. A limited parametric study was
conducted and is described in some detail in Ref. 3. Based
on the parametric study, it was found that reasonable accuracy
could be obtained if one includes all of the terms through the
fifth order in the Taylor series expansions (N = 5). Further-
more, if one limits the maximum number of vortices in any
childless box to 20 (N, = 20), then ¢.,, will be near the min-
imum in all cases. It should be noted that all of the benchmark
tests reported in the following sections were run on a VAX
8820. In order to compare CPU times on different machines,
runs were made on a VAX 8600 and on two different VAX
8650s. A uniform distribution of 1024 vortices provided the
test case. Values of N, = 20 and N = 5 were used. The CPU
times for the VAX 8820 and the two VAX 8650s were virtually
identical (t,,, = 50 = 0.9 s), whereas the CPU time for the
VAX 8600 was about 37% longer.

Error Associated with Truncation

A measure of the error incurred by truncation of the Taylor
series after the Nth-order terms can be obtained for the ve-
locity potential and total velocity fields by means of the fol-
lowing equations:

172

r Ny
- (dlz - d/ei)z
E, = ‘:lN— (22a)
- N 12
(Vi - Vei)z
E, = |5 (22b)
2 V3
L i=1

Here, ¢; and V, are the velocity potential and total velocity
at point i, respectively, as calculated from the truncated series.
The quantities ¢,; and V,; are the velocity potential and total
velocity at point i, respectively, as calculated exactly using
the direct method. As indicated, these error calculations are
obtained from summations over all the N, vortices in the flow.
Assuming that single precision accuracy means that any num-
ber stored in the computer will be accurate through six sig-
nificant digits, then single precision roundoff errors will pro-
duce values of E, and E,, up to about 1 X 107°. Therefore,
errors calculated from Eqs. (22) that are equal to or less than
1 x 1077 imply that the machine roundoff errors are possibly
as large as the truncation errors. For such cases, one should
not continue to add terms to the Taylor series expansions for
added accuracy unless the machine precision is also increased.
Initial work using a uniform distribution of 1024 vortices in-
dicated that a value of N = 5 will yield values of E, that are
of the same order of magnitude as single precision roundoff
€errors.

Optimum Number of Vortices in a Box

In order to optimize the maximum number of vortices N,
allowed in any childless box with respect to ¢, random and
spiral type distributions were used. Examples of these distri-
butions are shown in Figs. 6. The cases in Figs. 6 represent
two extreme distributions with vortices being highly localized
in the spiral distribution, especially near its center. Optimi-
zation runs were made for random distributions with 50, 100,
200, 300, 500, 1000, and 2000 vortices. All of the vortices
were chosen to be of equal strength. Vortices in the random
distributions were not allowed to be any closer to the box
border than 0.003 times the length of a side of the box or no
closer than 0.1. Optimization runs were made for spiral dis-
tributions with 100, 200, 500, 1000, and 2000 vortices. Vortices
of equal strength were placed on the spiral curve at equal
angular intervals. Plots of ¢, vs N, were made for the 12
random and spiral distributions. Examination of these plots
revealed that, if one chooses N, = 20, a near-optimum (min-
imum) value of ¢_,, will be obtained for all cases. It is presently
assumed that this optimization will be valid for most other
distributions.

Comparisons of f,,, using the direct simulation vs using the
fast solver with N, = 20 and N = 5 for the random and spiral
distributions are shown in Figs. 7. As can be seen from these
figures, there is no advantage in using the fast solver for
distributions that have less than about 100 vortices. For sit-
uations where there are more than 100 vortices, one can write
equations for the straight lines plotted through the data. For
the random distribution shown in Fig. 7a, the CPU time for
the direct simulation can be expressed by

fe = 3.85 X 10-* N2 (23)

On the other hand, the CPU time for the fast solver used on
the random distribution can expressed by

fe = 8.90 X 103 N178 (24)

Thus, the fast solver will run in about 3% of the time required
for the direct simulation for the case where there are 10,000
vortices in the flow. For the spiral distribution whose CPU
times are shown in Fig. 7b, the CPU time for the direct sim-
ulation is given by

foow = 3.85 X 10~ N? (25)

As would be expected, the CPU times required for direct
simulations of either the random or spiral distributions are
the same. The CPU time for the fast solver used on the spiral
distributions can be expressed by

fopa = 4.08 X 1072 N, (26)

In this case, the fast solver will run in about 1% of the time
required for the direct simulation when there are 10,000 vor-
tices in the flow. The tendency for the exponent on N, to be
greater for uniform distributions can also be observed in the
data of Carrier et al.’ Their data yield an exponent of 1.16
for their uniform distribution and 1.08 for their curve distri-
bution.

At this point, it is appropriate to check the truncation errors
produced using the fast solver on the random and spiral dis-
tributions to see if they are about as one might expect from
preliminary work. Truncation errors are plotted in Figs. 8 for
the random and spiral distributions vs the total number of
vortices N,. As can be seen from these figures, the orders of
magnitude of these errors are relatively independent of the
number of total vortices N, in the distributions. One exception
is the error associated with N, = 50. For N, = 50, the errors
are very small due to the fact that the simulation is essentially
a direct simulation since there will be at most four boxes
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Fig. 8 Truncation errors for random and spiral distributions.

produced by the mesh generator for a random distribution
with N, = 20: Excluding the data for N, = 50, the truncation
error for the stream function E,, is on the order of 5 x 1077,
whereas the error in total velocity Ey is on the order of 1 X
10—3. These errors are roughly of the same order of magnitude
as those found for the uniform distribution used in the pre-
liminary work.

Self-Induction

All of the velocity calculations that have been made thus
far have ignored the self-induced velocity associated with each
vortex ring. Some very interesting discussions concerning the
motion and subsequent distortion of vortex cores may be
found in a recent work by Shariff et al.® The present work
will be limited to obtaining the self-induced velocity at the
center of impulse for a circular- or square-core ring vortex.
A general discussion concerning the motion of vortex rings
with cores is given by Lamb.? The cores themselves can be
simulated using a large number of discrete vortices. For a
collection of i vortices, a centroid based on the impulse of
the vortices is first obtained. The impulse for the system of
vortices is given by

I=mp2 T.b? @7)
The time rate of change of impulse represents a force that is
zero for a collection of free vortices such as would be en-
countered in a wake flow. Assuming that the vortices are free,

the impulse given by Eq. (27) is a constant. The x and »
coordinates of the center of impulse (x,,r,) are given by

x, = 2, I,bzx, / > T (28a)

13 =X Ib? / PRV (28b)

A single vortex (with the strength of the sum of the i vortices)
has the same impulse as the collection of i vortices when
placed at r,. The value of x, represents the axial centroid of
the impulse for the collection of i vortices. The motion of the
center of impulse (x,,r,) can be obtained by differentiating
the expressions in Eqs. (28) with respect to time . Since the
impulse is constant, r, is a constant and the radial velocity V,
of the center of impulse is equal to zero. On the other hand,
the axial velocity U, of the center of impulse is not, in general,
zero and is given by

U, = 2 Tib(bit; + 2x) / > b (29)

It can be shown that, if the core is represented by a sufficient
number of vortices, the contribution of the ith vortex to u; is
negligible.

Square Cores

Simulations of vortex rings with square cores were first run
in order to develop an understanding of the number of discrete
vortices required to properly represent the core region. It was
assumed that the vorticity in the core was uniform. Cases
were run for eight values of N, and three values of b/s, where
s is equal to one half of the distance along a side of the square
core and b is the radius to the center of the core. Results from
this series of simulations are shown in Fig. 9. As can be seen
from this figure, the self-induced velocity becomes essentially
constant for N, > 100. For example, the induction velocity
increases by only 1-2% between N, = 100 and 1000.

Next, a set of simulations were run in order to obtain an
equation that can be used to calculate the self-induced velocity
for a vortex ring with various ring radius to core size ratios
b/s. It was first assumed that the self-induced velocity for a
vortex ring with a square core can be written in the following
form:

U, = (T/4mb)[ 4 (8bls) — C|] (30)

where C, is some function of b/s. Simulations were run for 10
different values of b/s by placing 1089 vortices uniformly in
the square cores. Equation (30) was solved for C using values
of U, obtained from Eq. (29). A very good fit to the data for
C, is given by

C, = 0.423 + 1.064 exp| —0.593(b/s)] (31)

In Fig. 10, the simulated values of U,b/T" are plotted along
with a curve (shown as a chain dot line) obtained by using
Eq. (31) in Eq. (30). The fit between the correlation and
simulation data is seen to be quite good.

The center of impulse (x,,r,) of a square core was obtained
from Egs. (28) applied to a 1089 vortex simulation. Since the
vorticity distribution about the center of the core is sym-
metrical, x, is equal to the axial location of the core center.
The radial location of the center of impulse is shown in Fig.
11. The following equation, which is shown as the chain dot
curve, fits the data reasonably well:

r/b = 1.0 + 0.586 exp[ —1.33(bls)] (32)

Circular Cores

Relationships for the circular-core vortex rings were ob-
tained in a similar manner by simulating the core with a set
of 973 uniformly spaced vortices. An example of the vortex
placement can be seen in Fig. 4a. Simulations were first run
in order to obtain an equation that can be used to calculate
the self-induced velocity for a vortex ring with various ring
radius to core radius ratios b/a. Here, a is the core radius.
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The self-induced velocity for a vortex ring with a circular core
was assumed to be of the following form:

U, = (T/4mb)[ 4 (8bla) — C,] (33)

where C, is some function of b/a. Simulations were run for
10 different values of b/a. Equation (33) was solved for C,
using values of U, obtained from Eq. (29). A good fit to the
data for C, is given by

C, = 0.250 + 1.064 exp[—0.669(b/a)] (34)

It is interesting to note that an estimate for C, could have
been obtained from Egs. (31) and (30) by assuming an equiv-
alence between the core areas A, for a square and circular
core (i.e., A, = 4s? = 7a?). This assumption yields an equa-

tion identical to Eq. (34), except the constant term is equal
to 0.302 instead of 0.250. Therefore, if U,b/T for the square
and circular cores were plotted on the same plot vs b/\/Z:,
the data for the square core would be above that of the circular
core data by only 0.004 (i.e., 0.052/4).

The center of impulse (x,,7,) of a circular core was obtained
from Egs. (28) applied to the 973 vortex simulation. Since
the vorticity distribution about the center of the core is sym-
metrical, x, is equal to the axial location of the core center.
The following equation, which fits the simulation data for the
center of the impulse very well, was obtained by making the
substitution 4s*> = 7a? in Eq. (32):

r/b = 1.0 + 0.586 exp[ —1.50(b/a)] (3%)

Summary

Source- and field-point Taylor series expansions have been
developed for axisymmetric ring vortices. These series are
calculated using associated Legendre functions in conjunction
with recursion relationships derived from stream-function
considerations. Relationships that allow the source and or
field expansion points to be translated within their domains
of convergence were also developed.

A Fortran computer code RSOLV has been written to gen-
erate the adaptive mesh, box lists, and Taylor series expan-
sions associated with the fast solution technique. The code
also executes the fast solution technique to calculate the stream
function and the axial and radial velocity components at points
in the flowfield.

Test cases have been run to optimize the RSOLV code and
to benchmark the truncation errors and CPU time savings
associated with the method. The Taylor series were truncated
after fifth-order terms, and the maximum number of vortices
allowed in a childless box was set at 20. Truncation errors for
the stream function and total velocity field were on the order
of 5 x 10~ and 1 x 103, respectively. For 100 vortices in
the field, there was virtually no CPU time savings with the
fast solver. For 10,000 vortices in the flow, the fast solver
obtained solutions in about 1-3% of the time required for
the direct solution technique.

Simulations for vortices with square and circular cores were
run in order to obtain expressions for the self-induced veloc-
ities of such vortices. In each case, the vorticity was assumed
to be uniform in the core. Correlations for the nondimensional
self-induced velocity as a function of the ring radius nondi-
mensionalized by the square root of the core area were found
to be almost identical for the square and circular core vortices.
Use of these formulas allows one to correctly convect discre-
tized patches of vorticity in the flowfield.
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